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GEOMETRIC REPRESENTATIONS OF THE FORMAL AFFINE HECKE ALGEB RA

GUFANG ZHAO AND CHANGLONG ZHONG

Abstract. For any formal group law, there is a formal affine Hecke algebra defined by Hoffnung–
Malagón-López–Savage–Zainoulline. Coming from this formal group law, there is also an oriented
cohomology theory. We identify the formal affine Hecke algebra with a convolution algebra coming
from the oriented cohomology theory applied to the Steinberg variety. As a consequence, this algebra
acts on the corresponding cohomology of the Springer fibers.This generalizes the action of classical
affine Hecke algebra on theK-theory of the Springer fibers constructed by Lusztig. We also give a
residue interpretation of the formal affine Hecke algebra, which generalizes the residue construction of
Ginzburg–Kapranov–Vasserot when the formal group law comes from a 1-dimensional algebraic group.
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0. Introduction

Affine Hecke-type algebras arise from the study of representations of Chevalley groups overp-adic
fields, and their representations have been studied extensively in the past decades. In particular, the
classification of irreducible representations and the character formulas have been achieved in [KL87],
[Gin85], [Gr94a], etc. The study uses in an essential way a convolution construction of the affine
Hecke algebra using equivariantK-theory of Steinberg variety in [Lus85].

Let G be a semi-simple, simply-connected linear algebraic groupover an algebraically closed field
k. Consider the adjoint action ofG on its Lie algebrag. The set of nilpotent elements ing has a
variety structure, called the nil-cone, denoted byN . TheG-action onN has finitely many orbits. The
varietyN is singular but admits a natural resolution of singularities, called the Springer resolution,
as follows: LetB be the complete flag variety, parametrizing the set of Borel subalgebras ofg. Let
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Ñ be its cotangent bundleT∗B. Note thatT∗B can be alternatively interpreted as the variety of pairs
(b, x), whereb is a Borel subalgebra ofg, andx is a nilpotent element inb. There is a natural map
Ñ → N , sending each pair (b, x) to x, which gives the resolution. For anyx ∈ N , the fiber of this map
over x is called theSpringer fiber, denoted byBx. Note that the Springer fibers are equi-dimensional,
projective varieties, but in general not smooth. For any twodifferent points in the sameG-orbit of
N , the fibers are isomorphic. It is well-known that representations of the Weyl group ofG can be
constructed by looking at Borel-Moore homology of Springerfibers. This construction can be traced
back to Springer, and later on was re-described and generalized by many others. In particular, Lusztig
in [Lus85] constructed an action of the affine Hecke algebra on equivariantK-theory of Springer fibers.

More precisely, in the constructions of Springer and Lusztig, they identified respectively the group
algebra of the Weyl group and the affine Hecke algebra as the top Borel-Moore homology and respec-
tively the equivariantK-theory of the Steinberg varietyZ := Ñ ×N Ñ , both endowed with convolution
products. The essential property used about Borel-Moore homology andK-theory is that they both
admit push-forwards for proper morphisms, and pull-backs for smooth morphisms. In fact, a func-
tor from the category of smooth quasi-projective varietiesto the category of commutative (graded)
rings, that admits these two properties together with certain compatibility conditions, is called anori-
ented cohomology theory. Examples of oriented cohomology theories include the Chowring CH∗ (see
[Ful98]), the K-theory, the elliptic cohomologies, and the algebraic cobordism theoryΩ∗ of Levine
and Morel (see [LM07]). It is proved by Levine and Morel that the algebraic cobordism Ω∗ is the
universal oriented cohomology theory. We refer to [LM07] and [PS09] for details. We will briefly re-
call the relevant notions and properties in Section5. Also in Section5, we will explain in details how
to obtain a convolution algebra out of an oriented cohomology theory, as well as how to get natural
representations of convolution algebras.

For any oriented cohomology theoryA, there is an associated formal group law (R, F) whereR =
A(pt) is a commutative ring called the coefficient ring, andF(u, v) ∈ R[[u, v]]. For example, the formal
group law associated to CH∗ is (Z, u+ v), the one associated toK-theory is (Z[β±], u+ v − βuv), and
the one associated toΩ∗ is the universal formal group law of Lazard, whose coefficient ring is called
theLazard ring, denoted byL.

The idea of using formal group laws to study generalized (equivariant) oriented cohomology theo-
ries of flag varieties were first carried out by Bressler–Evens in [BE90]. Recently, the basic properties
have been studied in explicit forms in the frame work of the so-called formal affine Demazure alge-
bras in [HMSZ12], [CZZ12], [CPZ13], [CZZ13], and [CZZ14]. It is natural to ask, whether there is an
convolution algebra acting on the cobordism group or elliptic cohomology group of Springer fibers, by
considering convolutions with corresponding oriented cohomology classes on the Steinberg variety. In
the current paper, we answer this question.

Starting with any formal group law (R, F), in [HMSZ12], Hoffnung, Malagón-López, Savage, and
Zainoulline constructed a candidate of the algebra, calledtheformal affine Hecke algebra, denoted by
HF. This algebra could potentially act on the corresponding oriented cohomology of Springer fibers.
The algebraHF is anR-algebra generated by the character groupΛ of the maximal torus inG, a formal
variablexγ, and elementsJF

α for simple rootsα (see Remark2.18for details). We will show in this
paper, that the algebraHF, with slight modification from the original definition of [HMSZ12], indeed
acts on the corresponding oriented cohomology of the Springer fibers. For this purpose, we need to
interpretHF as a convolution algebra of the Steinberg variety. This is the main theorem of this paper.
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Theorem A (Theorem6.3, Theorem6.11, and Proposition7.4). Let G be a semi-simple simply con-
nected algebraic group. LetA be an equivariant oriented cohomology theory for any smoothlinear
algebraic groupH, whose associated formal group law is (R, F) whereR = A(pt). Suppose (R, F)
together with the associated root system ofG satisfies Assumption2.6. We have the following.

(1) There is anR-algebra homomorphismΨA : HF → EndR(AG×Gm(Ñ)).
(2) For any simple rootα, there is a cohomology classJA

α ∈ AG×Gm(Zα) on the irreducible compo-
nentZα of the Steinberg variety labelled byα, such thatΨA sendsJF

α ∈ HF to the convolution
with JA

α .
(3) If the equivariant oriented cohomology theoryA satisfies Assumption5.5, thenΨA induces an

isomorphismHF � AG×Gm(Z), whereAG×Gm(Z) is endowed with the convolution product;
(4) SupposeA is as in (3), then for anyx ∈ N , theR-moduleA∗(Bx) admits a natural action of the

algebraHF.

In (3), for singular varietyX, the definitionAG×Gm(X) under Assumption5.5 is explained in§ 5.2.
The properties of the algebraHF are studied in Sections2-4. In particular, we give a presentation

of this algebra by generators and relations, and show that the action of this algebra on the equivariant
oriented cohomology of̃N is faithful. We also prove the PBW property, i.e., there is a filtration on
this algebra whose associated graded algebra is isomorphicto the degenerate affine Hecke algebra.
The relations between the formal affine Hecke algebras associated to different formal group laws are
also studied. In particular, if the coefficient ringR containsQ, the corresponding formal affine Hecke
algebra is isomorphic to the degenerate affine Hecke algebra (after completion). This isomorphism,
using TheoremA, is identified with the bivariant Riemann-Roch functor of Panin and Smirnov. We
would like to emphasize that for two isomorphic formal grouplaws, the corresponding Hecke alge-
bras are isomorphic. However, the essential operators in the formal affine Hecke algebra, called the
Demazure-Lusztig operators, depend on the formal group lawitself rather than its isomorphism class.

It worth mentioning that we made adjustment to the original definition of the formal affine Hecke
algebra of [HMSZ12], not only for the purpose of convolution construction.1 In fact, when (R, F)
is the elliptic formal group law, the corresponding elliptic affine Hecke algebra has been considered
by Ginzburg–Kapranov–Vasserot in [GKV97] from a totally different approach. In Section3, we
prove a structure theorem of the formal affine Hecke algebra and interpret it as the residue-vanishing
conditions of [GKV97]. The definition of the Demazure-Lusztig operators we give matches with the
one in [GKV97]. In other words, the aim of the current paper is to show the unity among [Lus85],
[GKV97], and [HMSZ12]. For general Kac-Moody root systems, the unity between [GKV97] and
[HMSZ12] is also known, and will appear in [CZZ].

When the oriented cohomology theory is theK-theory, the definition of equivariantK-theory we
are using differs from the one used in [Lus85] by a completion. When considering the representations
coming from Springer fibers, the classical Hecke algebra becomes interesting when the equivariant
parameters are specialized to points other than the identity. Similarly, whenA is the elliptic cohomol-
ogy theory, the representations become interesting when the equivariant parameters are specialized to
arbitrary points on the elliptic curve. On the other hand, through our formal approach, the equivariant

1After the first version of this paper was announced, Kirill Zainoulline kindly pointed out to us that the definition ofHF

in our paper was also considered during the preparation of [HMSZ12]. In the final version of [HMSZ12], another definition
was used in order to get better combinatorial properties. The latter definition is not explicitly involved in this paper,but it
serves as an inspiration in finding the present form of the geometric construction.
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parameters acts nilpotently on the Springer fibers, hence the only way to specialize them is to let them
act trivially. There is a delocalized equivariant ellipticcohomology, postulated in [Gr94b], axiomized
in [GKV95], and constructed in details by works of many people, a far from being complete list of
which including [And03], [Ch10], [Gep06], and [Lur09]. In fact, the elliptic affine Hecke algebra of
[GKV97] defined using the residue-vanishing construction is isomorphic to the equivariant elliptic co-
homology of the Steinberg variety. Hence, its representations can be constructed from Springer fibers,
as is sketched in [Gr94b]. In order to make the results in the current paper availableto general oriented
cohomology theory, we postpone the detailed study of geometric representations of the elliptic affine
Hecke algebra, following the outlines in [Gr94b], to a future publication [ZZ].

Also, we point out that there are many convolution constructions used in geometric representation
theory. For example, the representations of the affine quantum groups (resp. the Yangians) are studied
by considering the equivariantK-theory (resp. the Borel-Moore homology) of the quiver varieties
in [Nak01] and [Va00]. A Riemann-Roch type theorem, relating the completion of the Yangian and
the quantum loop algebra, is proved in [GTL10]. It has been expected that (see e.g., [Gr94b] and
[GKV95]) the elliptic quantum group of Felder in [Fed94] acts on the equivariant elliptic cohomology
of quiver varieties. This statement will be verified in [Zha]. One can ask, for an arbitrary oriented co-
homology theory, what the algebra is that acts on the corresponding equivariant oriented cohomology
of the quiver varieties. This question has been studied by Yang and the first named author in [YZ14].

Acknowledgments. The first named author is grateful to Roman Bezrukavnikov andValerio Toledano
Laredo for encouragements, and to Valerio Toledano Laredo for introducing him to [GKV97] and
[HMSZ12] so that this joint project became possible. The authors would like to thank Baptiste Calmès,
Marc Levine, and Kirill Zainoulline for helpful discussions. The second named author is supported by
PIMS and NSERC grants of Stefan Gille and Vladimir Chernousov. This paper is prepared when both
authors are hosted by the Max Plank Institute for Mathematics in Bonn.

1. Classical affine Hecke algebra

In this section we briefly recall some basic notions of classical Hecke-type algebras.

1.1. Root datum. We fix the notation of root data following [CZZ12]. A root datumis an embedding
Σ ֒→ Λ∨, α 7→ α∨ of a non-empty subsetΣ of a latticeΛ into its dual lattice, satisfying certain
conditions. The elements inΣ are calledroots, and the sub-lattice ofΛ generated byΣ is called the
root lattice, denoted byΛr . The dimension ofΛQ := Λ ⊗Z Q is called therank of the root datum.
The setΛw = {ω ∈ ΛQ | 〈ω, α

∨〉 ∈ Z for all α ∈ Σ} is called theweight lattice. A root datum is
called irreducible if it is not a direct sum of root data of smaller ranks, and it iscalled semi-simple if
Λr ⊗Z Q = ΛQ. From now on we always assume that the root datum is semi-simple. Note that in this
case we haveΛr ⊆ Λ ⊆ Λw.

Denote [n] = {1, ..., n} wheren is the rank of the root lattice. The root lattice has a basisΦ =
{α1, ..., αn} such that anyα ∈ Σ is aZ-linear combination ofαi ’s with either all positive or all negative
coefficients. So there is a decompositionΣ = Σ+ ⊔ Σ−. We callΣ+ (resp.Σ−) the set ofpositive(resp.
negative)roots. We call the set{ωi}i∈[n] such that〈ω j , α

∨
i 〉 = δi j for i, j ∈ [n] the set of fundamental

weights, which is a basis ofΛw. ExpressingΦ in terms of linear combinations of fundamental weights,
the coefficients matrix is called the Cartan matrix of the root datum. The root datum is calledsimply-
connected(resp. adjoint) if Λ = Λw (resp. Λ = Λr), and it is denoted byDsc

n (resp.Dad
n ), where
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D = A, . . . ,G is one of the Dynkin types. Lett be the torsion index of the associated simply-connected
root datum defined in [Dem73, §5].

The reflectionΛ→ Λ : λ 7→ λ− 〈λ, α∨〉α defined byα ∈ Σ is called a simple reflection, denoted by
sα. The groupW generated by all simple reflections is called the Weyl group.It is also generated by
si := sαi , i ∈ [n]. For i , j ∈ [n], we have (si sj)mi j = 1 for mi j ∈ {2, 3, 4, 6}. We can define the Bruhat
order (W,≤). The length ofw is denoted byℓ(w). Let w = si1 · · · sik be a reduced decomposition, then
we define

Σ(w) = {αi1, si1(αi2), · · · , si1(· · · (sik−1(αik)) · · · )} = wΣ− ∩ Σ+.

1.2. Classical Hecke-type algebras.There are many well-studied Hecke-type algebras.

Example 1.1. TheHecke algebra Hassociated to the Weyl groupW is theZ[q, q−1]-algebra with unit,
generated by elementsTi , i ∈ [n] subject to the relations

(Ti + 1)(Ti − q) = 0,

TiT jTi · · ·︸     ︷︷     ︸
mi j times

−T jTiT j · · ·︸      ︷︷      ︸
mi j times

= 0, if ( si sj)
mi j = 1.

Example 1.2. Theaffine Hecke algebra Haff associated toW is the algebraZ[q, q−1][Λ] ⊗Z[q,q−1] H,
with the factorsH andZ[q, q−1][Λ] being subalgebras, and the relations between the two tensor factors
being

Tie
si (λ) − eλTi = (1− q)

eλ − esi (λ)

1− e−αi
.

For anyw = si1 · · · sik ∈ W, defineTw = Ti1 · · ·Tik. The elementTw in Haff depends only onw itself,
not the decomposition. As a leftZ[q, q−1][Λ]-module,Haff has a basis{Tw}w∈W. Let ι : Z[q, q−1][Λ] →
Z[q, q−1][Λ] be the automorphism mappingeλ to e−λ andq→ q, then by [CG97, Proposition 7.6.38],
the actions onZ[q, q−1][Λ] of Ti andu ∈ Z[q, q−1][Λ] are

(1) Ti : eλ 7→
eλ − esi (λ)

eαi − 1
− q

eλ − esi (λ)+αi

eαi − 1
, andu : eλ 7→ ι(u)eλ.

Note that the action ofZ[q, q−1][Λ] on itself is a multiplication involving the mapι.

Example 1.3.Thedegenerate affine Hecke algebra Hdegassociated with the Weyl group isS∗
Z[ǫ](Λ)⊗Z[ǫ]

Z[ǫ][W] as aZ[ǫ]-module, where bothZ[ǫ][W] andS∗
Z[ǫ](Λ) are subalgebras, and

(2) θiλ − si(λ)θi = ǫ〈λ, α
∨
i 〉, i ∈ [n], λ ∈ Λ.

Hereθi is the element inZ[ǫ][W] corresponding tosi ∈ W. The algebraHdeg has a natural grading
by deg(θi) = 0, deg(ǫ) = 1 and deg(λ) = 1 for anyλ ∈ Λ. For eachw = si1 · · · sik ∈ W, the element
θw := θi1 · · · θik depends only onw. As a leftS∗

Z[ǫ](Λ)-module, there is a basis{θw}w∈W. The action of
Hdeg on S∗

Z[ǫ](Λ) is

(3) θi : λ 7→ ǫ
λ − si(λ)

αi
+ si(λ), andµ : λ 7→ µλ, µ, λ ∈ Λ.
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2. Definition of the formal affine Hecke algebra

In this section we define the formal affine Hecke algebra, which was first introduced in [HMSZ12].
We will use a slightly modified version, suited for our geometric purpose but still maintain all the
algebraic properties.

2.1. Formal group laws. Let R be a commutative ring, and let (R, F) be a formal group law overR,
that is,F(x, y) ∈ R[[ x, y]] such that

F(x, y) = F(y, x), F(x, 0) = 0, F(x, F(y, z)) = F(F(x, y), z).

Let −F x ∈ R[[ x]] be the power series such thatF(x,−F x) = 0, and writex +F y = F(x, y) and
x−F y = x+F (−Fy). DenoteκF(x) = 1

x +
1
−F x andµF(x) = −F x

−x .

Lemma 2.1. With notations as above, we have

(1) [HMSZ12, Lemma 4.3]κF(x) = 0 if and only if−F x = −x, if and only if F(x, y) = (x+y)h(x, y)
for some power series h(x, y);

(2) κF(x) = 1 if and only if−F x = x
x−1 .

The proofs are straightforward.
For simplicity, we will refer to the two cases in Lemma2.1 asκF

= 0 andκF
= 1, respectively. If

κF
= 1, it is called a normal formal group law in the terminologiesof [Zho13]. For normal formal

group laws, a lot of notations in this paper can be simplified.

Lemma 2.2. For any formal group law F,x−F y
x−y is invertible in R[[ x, y]] .

Proof. We use the idea from the proof of [CPZ13, Lemma 9.1]. Writex −F y =
∑∞

i=0 hi(y)xi with
hi ∈ R[[y]], then x −F y = (x −F y) − (y −F y) =

∑
i=1 hi(y)(xi − yi), hence (x − y) divides (x −F y).

Moreover, x−F y
x−y is invertible if and only ifh1(0) is invertible inR. Write x +F y = x + y + xyg(x, y)

with g(x, y) ∈ R[[ x, y]], and denote−Fy = yg̃(y) for somẽg(y) ∈ R[[y]], then x −F y = x +F (−Fy) =
x+ yg̃(y) + xyg̃(y)g(x, y), soh1(0) = 1. �

Example 2.3. (1) For any commutative graded ringR, the elementFa(x, y) = x + y in R[[ x, y]]
defines theadditive formal group law. We have−Fa x = −x, κFa = 0, andµFa(x) = 1.

(2) For any commutative graded ringR, the elementFm(x, y) = x+ y− βxy in R[[ x, y]] with β ∈ R
defines amultiplicative formal group law. We have−Fmx = x

βx−1, κFm = β andµFm(x) = 1
1−βx.

(3) A Lorentz formal group lawis defined byFl(x, y) = x+y
1−βxy with β ∈ R. We have−Fl x = −x,

κFl = 0 andµFl = 1.
(4) Theelliptic formal group laws: Given a family of elliptic curves over some ringR, there is

a formal group law over the ringR, coming from the additive structure of the elliptic curves
and a choice of parameter along the zero section over SpecR. More precisely, fixing a local
uniformizer t around the identity section, the expansion of the group law of E in terms oft
gives a formal group lawFE with coefficients inR. For example, in most of the cases one
can choose the local parameter to bel = ℘′

℘
where℘ is the Weierstrass℘-function, orl = sin

where sin is the Jacobi sine-function. The corresponding formal group law is determined by
F(u, v) = l(l−1(u) + l−1(v)). Note that for both choices, one hasl(−t) = −l(t).

(5) There is auniversal formal group law(L, FL), whose coefficient ringL, called the Lazard ring,
is a polynomial ring in countably many generators overZ. For any formal group law (R, F),
there exists a unique ring homomorphismφF : L→ R such thatF = φF(FL).
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2.2. Formal group algebra. LetΛ be a free abelian group of rankn. Let R[[ xΛ]] be the ring of power
series in variables{xλ|λ ∈ Λ}. Define theformal group algebra R[[Λ]] F to be the quotient

R[[ xΛ]]/
(
x0, xλ +F xµ − xλ+µ

)
,

wherex0 is the element determined by 0∈ Λ. LetIF be the kernel of the augmentation mapR[[Λ]] F →

R, xλ 7→ 0, then there is a filtration onR[[Λ]] F:

R[[Λ]] F = I
0
F ) I

1
F ) I

2
F ) · · · .

The associated graded ring GrR[[Λ]] F :=
⊕

i≥0I
i
F/I

i+1
F is isomorphic to the symmetric algebra

S∗R(Λ). Indeed, if{ω1, ..., ωn} is a basis ofΛ, thenR[[Λ]] F � R[[ω1, ..., ωn]].

Example 2.4. (1) If F = Fa, thenR[[Λ]] Fa � S∗R(Λ)∧, xλ 7→ λ, whereS∗R(Λ)∧ is the completion
of the symmetric algebra at the augmentation ideal ker(S∗R(Λ)→ R, λ 7→ 0).

(2) If F(x, y) = x+ y− xy, then we have an isomorphismR[[Λ]] F � R[Λ]∧, xλ 7→ 1− e−λ, where
R[Λ]∧ is the completion of the group ring at the augmentation idealker(R[Λ] → R, eλ 7→ 1).

The definition ofR[[Λ]] F is functorial with respect to homomorphisms of free abeliangroupsΛ →
Λ
′, homomorphisms of coefficient ringsR → R′, and homomorphisms of formal group lawsh :

(R, F)→ (R, F′) overR. We explain the latter two functoriality properties in details here.
If (R, F) is a formal group law andf : R → R′ is a morphism of rings, thenf induces a for-

mal group lawf (F) with coefficients inR′, by applying f to the coefficients ofF one-by-one. Then
the natural mapR[[Λ]] F → R′[[Λ]] f (F), xλ 7→ xλ is a well-defined algebra homomorphism. More-
over,R[[Λ]] F⊗̂RR′ � R′[[Λ]] f (F), where⊗̂ is the completed tensor in the following sense. InR[[Λ]] F,
the power of idealsIi

F defines a filtration. It induces a filtration on the usual extension by scalars
R[[Λ]] F ⊗R R′. The completed tensor product, denoted byR[[Λ]] F⊗̂RR′, is the completion of the ring
R[[Λ]] F⊗RR′ with respect to this filtration.

Following [CPZ13, §2.5], a homomorphism of formal group lawsh : (R, F) → (R, F′) is a power
seriesh(x) ∈ R[[ x]] such that

(4) h(x+F y) = h(x) +F′ h(y).

It induces a ring homomorphismφF′ ,F : R[[Λ]] F′ → R[[Λ]] F defined byφF′ ,F(xλ) = h(xλ) and extended
by linearity and multiplicativity. That is, iff (x) is any power series, thenφF′ ,F( f (xλ)) := f (h(xλ)). It
is well defined since

φF′,F(xλ+µ) = h(xλ+µ) = h(xλ +F xµ) = h(xλ) +F′ h(xµ) = φF′ ,F(xλ) +F′ φF′,F(xµ) = φF′,F(xλ +F′ xµ).

If R containsQ, then any formal group law (R, F) is isomorphic to (R, Fa). More precisely, for any
(R, F) such thatR is aQ-algebra, according to [Fr68, Ch. IV,§1], there exists an invertiblel(x) ∈ R[[ x]]
such thatl(l−1(x)) = l−1(l(x)) = x andl : (R, Fa)→ (R, F) is an isomorphism of formal group laws. So
l(x+ y) = l(x) +F l(y), and it induces

φF,Fa : R[[Λ]] F → R[[Λ]] Fa, xλ 7→ l(xλ).

Clearly l−1 induces the inverse ofφF,Fa, and thereforeφF,Fa is an isomorphism.
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Type Al

(l ≥ 2)
Bl

(l ≥ 3)
Cl

(l ≥ 2)
Dl

(l ≥ 4)
G2 F4 E6 E7 E8

adjoint ∅ 2·F 2·F ∅
2·F

and 3·F
2·F ∅

2·F
or 3·F

2·F
or 3·F

non adjoint |Λ/Λr | 2 2 ∈ R× 2 - - 3 2 -

Table 1. Integers and formal integers assumed to be regular inRor R[[ x]] in Assump-
tion 2.7.

2.3. Twisted formal group algebra. From now on we always fix a root datumΣ ֒→ Λ∨.

Definition 2.5. We say thatR[[Λ]] F is Σ-regular if xα is regular inR[[Λ]] F for anyα ∈ Σ.

By [CZZ12, Definition 4.4], R[[Λ]] F is Σ-regular if 2 is regular inR, or if the root datum does
not contain an irreducible componentCsc

k , k ≥ 1. In this paper we assume thatR[[Λ]] F is always
Σ-regular. Sometimes we may assume the following stronger condition, which is essential due to
[CZZ12, Lemma 3.5], and is used in the proof of the structure theorem(Theorem2) of the formal
affine Hecke algebra.

Assumption 2.6. We assume that the torsion indext is regular, and in addition 2 is invertible inR if
the root datum contains an irreducible component of typeCsc

l , l ≥ 1.

We will need the following assumption in Lemma2.8and Theorem3.8:

Assumption 2.7. For each irreducible component of the root datum, assume that the corresponding
integers or formal integers in Table1 are regular inR or R[[ x]], and that 2 is invertible inR if the root
datum contains a component of typeCsc

l , l ≥ 1.

Lemma 2.8. [CZZ13, Lemma 2.7]Under Assumption2.7, R[[Λ]] F is Σ-regular. For any two positive
rootsα , β and x∈ R[[Λ]] F, xα|xβx implies xα|x.

Let Γ be a free abelian group of rank 1 generated byγ ∈ Γ. We consider the algebra

S = SF := R[[Γ ⊕ Λ]] F � R[[Γ]] F[[Λ]] F .

The action of the Weyl groupW onΛ induces an action ofW on S. More precisely,w(xγ) = xγ and
w(xλ) = xw(λ) for anyλ ∈ Λ. For anyα ∈ Σ, we define

κF
α =

1
xα
+

1
x−α

and µF
α =

x−α
−xα

in S. Theformal Demazure operatorand thepush-pull operatorare defined to be, respectively

∆
F
α (u) =

u− sα(u)
xα

, and CF
α (u) = κF

αu− ∆F
α (u) =

u
x−α
+

sα(u)
xα

, for anyu ∈ S.

They areR-linear operators onS. We will skip the superscriptF if there is no confusion, and denote
κi = καi , xi = xαi , x−i = x−αi ,∆i = ∆αi andCi = Cαi . For any sequenceI = (i1, ..., ik) with i j ∈ [n],
denote|I | = k and define

∆I (u) = ∆i1 ◦ · · · ◦ ∆ik(u), u ∈ S.

We say thatIw = (i1, ..., ik) is a reduced sequenceof w if w = si1 · · · sik is a reduced decomposition.
UnlessF is the additive formal group law or a multiplicative formal group law, the definition of∆Iw

depends onIw ([BE90, Theorem 3.7]).
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Remark 2.9. The operators∆α andCα are historically considered by Demazure for the first time
in [Dem73] in the study of the Chow rings of flag varieties. In geometry,the operatorCα is the
composition of push-forward and pull-back defined byG/B → G/Pα, whereB is a Borel subgroup
andPα is the minimal parabolic subgroup determined byα ∈ Σ.

Let QF
= S[ 1

xα
|α ∈ Σ+]. We define thetwisted formal group algebra QFW = QF ⋊R R[W], that is, it

is isomorphic toQF ⊗R R[W] as anR-module, and the multiplication is given by

u⊗ δw · u
′ ⊗ δw′ = uw(u′) ⊗ δww′ , u, u′ ∈ QF ,w,w′ ∈W.

Note that the product is not commutative andQF
W is not a QF-algebra as the embeddingQF →

QF
W, u 7→ uδe is not central. Heree ∈ W is the identity element, and we will denote 1= 1 ⊗ δe.

Let Qα = S[ 1
xβ
| β ∈ Σ+, β , α], and consequentlyS = ∩α∈Σ+Qα.

For each rootα, we define theformal Demazure elementand theformal push-pull elementby

XF
α :=

1
xα
−

1
xα
δsα , YF

α := κα − XF
α =

1
x−α
+

1
xα
δsα .

We also define

(5) TF
α = xγXα + δα ∈ QF

W,

and call it aDemazure-Lusztig element (operator). For simplicity, we will sometimes skip the super-
scriptF, and use the following notations for short:δα = δsα , δi = δαi , Xi = Xαi , X−i = X−αi , Yi = Yαi ,
Y−i = Y−αi , Ti = Tαi andT−i = T−αi .

The following lemma follows from direct computation.

Lemma 2.10. The operators satisfying the following relations:

(1) δwXαδw−1 = Xw(α), δwYαδw−1 = Yw(α) andδwTαδw−1 = Tw(α) for w ∈W;
(2) Xαδα = −Xα, δαXα = Xα + καδα − κα.
(3) X2

α = καXα,Y2
α = καYα;

(4) Xαu− sα(u)Xα = ∆α(u), Yαu− sα(u)Yα = −1
µα
∆α(u) = ∆−α(u) for u ∈ QF;

(5) Tαu− sα(u)Tα = xγ∆α(u) for u ∈ QF ;

(6) (Tα −1)(Tα +1− xγκα) = 0. Moreover, T2
α = xγκαTα +1− xγκα, T−1

α =
T−xγκα
1−xγκα

. In particular, if

κF
= 0, then T2

α = 1, and T−1
α = Tα. If κF

= 1, then T2
α = xγTα+1− xγ and T−1

α =
x−γ
xγ

Tα+ x−γ.

Proof. We spell out the proof forX2
α = καXα only, as the rest are proved similarly.

X2
α = (

1
xα
−

1
xα
δα)(

1
xα
−

1
xα
δα) =

1

x2
α

−
1

xαx−α
δα −

1

x2
α

δα +
1

xαx−α
= (

1
xα
+

1
x−α

)(
1
xα
−

1
xα
δα) = καXα.

�

For any sequenceI = (i1, ..., i l), we define

TI = Ti1Ti2 · · ·Til .

The operatorsXI ,YI for any sequenceI = (i1, ..., i l) are defined similarly. Letw ∈ W be any element
and letIw = (i1, ..., i l) be a reduced sequence ofw, i.e., w = si1 si2 · · · sil is a reduced decomposition.
The operatorsXIw,YIw depend on the choice ofIw, not only onw itself, unlessF is the additive formal
group law or a multiplicative formal group law ([BE90, Theorem 3.7]). Similar conclusion holds for
TIw (Remark2.14).
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Define

(6) cw =

∏

α∈Σ(w)

xα, c̃w =

∏

α∈Σ(w)

(xα − xγ).

Lemma 2.11. Fix a set of reduced sequences{Iw}w∈W, we have

TIw =

∑

v≤w

bT
w,vδv, δw =

∑

v≤w

aT
w,vTIv, bT

w,v ∈ QF , aT
w,v ∈ S[

1
c̃w0

],

such that aTw,w =
cw
c̃w

, bT
w,w =

c̃w
cw

. Consequently,{TIw}w∈W is a set of linearly independent elements.

Proof. This follows similarly as in Lemma 5.4 and Corollary 5.6 of [CZZ12]. �

Lemma 2.12. If in W the elements si and sj satisfy(si sj)mi j = 1, then the operators Ti and Tj on S
satisfy the following relation

TiT jTi · · ·︸     ︷︷     ︸
mi j times

−T jTiT j · · ·︸      ︷︷      ︸
mi j times

=

∑

ℓ(v)≤mi j−2

ui j
v TIv, ui j

v ∈ QF .

Proof. The proof is similar to that of [HMSZ12, Proposition 6.8.(a)]. �

For anyi , j, denotexi+ j = xαi+α j , and define

κi j =
1

xi+ j
(

1
x j
−

1
x−i

) −
1

xi x j
.

By [HMSZ12, Lemma 6.7], the elementsκi j areS. Computation shows the following theorem, which
gives an explicit expression of how the braid relation is deformed according to the formal group law.

Theorem 2.13.With notations as above, the operators Ti and Tj on S satisfy the following relations

(1) TiT j = T jTi, if (si sj)2
= 1 for si and sj ∈W;

(2) TiT jTi − T jTiT j = x2
γ

(
κ ji T j − κi j Ti +

κ j−κi

xi+ j

)
, if (si sj)3

= 1 for si and sj ∈W.

(3) TiT jTi · · ·︸     ︷︷     ︸
mi j times

−T jTiT j · · ·︸      ︷︷      ︸
mi j times

=
∑
ℓ(v)≤mi j−2 ui j

v TIv with the coefficients ui jv for mi j = 2, 3, 4, 6 belong

to S .

Claim (3) follows from Corollary3.4below.
It follows from [BE90, p. 809] thatκi j = 0 if and only if F(x, y) = x+ y− βxy for someβ ∈ R, in

which case we also haveκi = κ j (see Example2.3.(2)). In other words, in this case the braid relations
TiT jTi = T jTiT j hold.

Remark 2.14. Direct computation shows that the coefficientsui j
v = 0 for all v ∈ W and i, j ∈ [n] if

and only if F(x, y) = x + y − βxy for someβ ∈ R. This generalizes [BE90, p. 809]. In this case, the
definition ofTIw does not depend on the choice ofIw.
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2.4. Formal affine Hecke algebra.Now we give the definition of the formal affine Hecke algebra
associated to any formal group law (R, F).

Definition 2.15. Define theformal affine Demazure algebraDF to be theR-subalgebra ofQF
W gener-

ated byS andXi , i ∈ [n]. Define theformal affine Hecke algebraHF to be theR-subalgebra ofQF
W

generated byS andTi , i ∈ [n].

Remark 2.16. It follows from Theorem3.1(1) below that the definition ofDF does not depend on the
choice of simple roots. As a ring itself,HF does not either, but for different choices of simple rootsΦ,
the embeddings ofHF into QF

W are different. As can be easily seen thatδw < HF, and henceTα ∈ HF

if and only if α ∈ Φ. For different choices ofΦ, the embeddings are related by the Weyl group action.
Note also that our definition ofTα andHF is different from the corresponding ones in [HMSZ12].

Remark 2.17. TheS-dual of the formal affine Demazure algebra is the algebraic replacement of the
T-equivariant algebraic oriented cohomology of flag varieties [KK86], [KK90] and [CZZ14]. On the
other hand, for additive or multiplicative formal group laws, the formal affine Demazure algebra gives
the classical affine nil-Hecke algebra and affine 0-Hecke algebra, respectively. See [HMSZ12] for the
details.

Remark 2.18. For any simple rootα ∈ Φ, let JF
α = (x−α − xγ)Y−α = T−α − µα − xγκα ∈ HF. If Iv is a

reduced sequence ofv, we can defineJF
Iv

correspondingly. Then clearlyHF is also generated byS and
JF
α , α ∈ Φ. This set of generators are used when relatingHF with the convolution algebraAG×Gm(Z)

in Section6.

3. The structure theorem of the formal affine Hecke algebra

In this section we prove the structure theorem of the formal affine Hecke algebra and some of the
basic properties. We also show that our construction recovers the residue construction of affine Hecke
algebras due to Ginzburg–Kapranov–Vasserot in [GKV97].

3.1. The structure theorem. The ringQF
W acts onQF by

(uδw) · u′ = uw(u′), u, u′ ∈ QF ,w ∈W.

We have

Xα · u =
u− sα(u)

xα
= ∆α(u), Yα · u =

u
x−α
+

sα(u)
xα
= Cα(u), Tα · u = xγ∆α(u) + sα(u), u ∈ QF ,

soXα · S ⊆ S,Yα · S ⊆ S andTα · S ⊆ S. Indeed, we have

Theorem 3.1(The structure theorem). Under Assumption2.6, we have

(1) DF = {z∈ QF
W|z · S ⊆ S};

(2) HF = {z∈
∑

w∈W uwTIw |uw ∈ QF and z· S ⊆ S}.

We only show the proof of (2), as (1) is proved in [CZZ12, Proposition 6.2].

Proof. We follow the method of [Zho13, §4]. It suffices to show that the right hand side is contained
in HF. Firstly, we introduce some notations. LetS̃ = R[[Γ]] F[ 1

txγ
][[Λ]] F, thenxγ − xα is invertible in
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S̃. We similarly defineQ̃F
= S̃[ 1

xα
|α ∈ Σ] ) QF andQ̃F

W = Q̃F ⋊R R[W]. Correspondingly, we define
X̃α andT̃α in Q̃F

W similar asXα andTα in QF
W. Also, we define the operator

τi : S̃→ S̃, u 7→ xγ∆i(u) + si(u), i ∈ [n].

Let ĨF be the kernel of the augmentation mapǫ : S̃ → R[[Γ]] F[ 1
txγ

] sendingxλ 7→ 0 for anyλ ∈ Λ,

and let GrS̃ = ⊕ j≥0ĨF
j
/ĨF

j+1
. By [CPZ13, Lemma 5.3], we have∆i(ĨF

j
) ⊆ ĨF

j−1
and the operator

Gr∆i : Gr S̃ → Gr S̃ is of degree−1. Sinceδi(ĨF
j
) = ĨF

j
, we also haveτi(ĨF

j
) ⊆ ĨF

j−1
for any j.

Soτi induces an operator Grτi on GrS̃ of degree−1. Then similar as [Zho13, Lemma 4.7], we have

GrτI = x|I |γ Gr∆I . Moreover,τI (ĨF
j
) ⊆ ĨF

j−|I |
. If I is not reduced, thenτI (ĨF

j
) ⊆ ĨF

j−|I |+1
.

We need the following Lemma. Letw0 ∈ W be the longest element, andI0 be a reduced sequence
of w0.

Lemma 3.2. There exists an element u0 ∈ ĨF
ℓ(w0)

such that∆I0(u0) ≡ t mod ĨF . Moreover, if
|I | ≤ ℓ(w0), then

(7) ǫτI (u0) =

{
xℓ(w0)
γ t, if I is reduced and|I | = ℓ(w0),

0, otherwise.

Finally, the matrix(τIvτIw(u0))(v,w)∈W×W is invertible inS̃.

Proof. The existence ofu0 follows from [CPZ13, §5.2] (the a in loc.it.), and the computation of
ǫτI (u0) follows from Lemma 5.3.3 inloc.it.. The conclusion about the matrix (τIvτIw(u0))(v,w)∈W×W

follows from the proof of Proposition 6.6 inloc.it.. �

Let z=
∑

w∈W uwTIw, uw ∈ QF be such thatz · S ⊆ S, we show thatuw itself belongs toS for anyw.
We can viewzas inQ̃F

W. Applying z to τIv(u0) ∈ S̃ for all v ∈W, we get a system of linear equations
∑

w∈W

uwτIwτIv(u0) = z · τIv(u0) ∈ S̃.

By Lemma3.2 we know that the matrix (τIwτIv(u0))(w,v)∈W2 is invertible, souw ∈ S̃. We consider the
following diagram of embeddings:

S R[[Γ]] F[[Λ]] F
� �

//
� _

��

R[[Γ]] F[ 1
txγ

][[Λ]] F
� _

��

S̃

QF R[[Γ]] F[[Λ]] F[ 1
xΣ

] �
�

// R[[Γ]] F[ 1
txγ

][[Λ]] F[ 1
xΣ

] ,

where xΣ :=
∏

α∈Σ xα. By [CZZ12, Lemma 3.3 and 3.5], we know thatuw ∈ S̃ ∩ QF
= S. So

z ∈ HF. �

The following corollary generalizes [CG97, Theorem 7.2.16].

Corollary 3.3. Under Assumption2.6, the action ofHF on S is faithful.

Proof. Assume thatz =
∑

w∈W uwTIw ∈ HF with uw ∈ QF andz · S = 0, then the proof of Theorem
3.1(2) implies thatuw ∈ S for all w ∈ W. Moreover, (1

xj
α

z) · S = 0 ( S for any j ≥ 1 andα ∈ Σ. By

Theorem3.1(2), we have 1
xj
α

z =
∑

w∈W
uw

xj
α

TIw ∈ HF, that is, uw

xj
α

∈ S for any j ≥ 1. This is impossible

unlessuw = 0. �
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Corollary 3.4. Suppose that R[[Λ]] F is Σ-regular, then

(1) HF is the left S -module with basis{TIw}w∈W.
(2) Fix a set of reduced sequences{Iw}w∈W, and let I′v is another reduced sequence of v, then

TIv − TI ′v =
∑

w<v awTIw with aw ∈ S .
(3) HF is the R-subalgebra of QFW generated by S and Ti , i ∈ [n] subject to the relations in

Lemma2.10.(5)-(6) and in Theorem2.13.

Proof. If the assumption in Theorem3.1 is satisfied, then its proof implies that{TIw}w∈W is a basis of
HF as aS-module. The general case follows from functoriality of theformal group algebra andHF,
similar as [Zho13, Corollary 4.12].

Statements (2) and (3) follow from similar arguments as in [CZZ12, Lemma 7.1] and [HMSZ12,
Theorem 6.14], respectively. �

Remark 3.5. It is not difficult to see that{JF
Iw
}w∈W satisfies the same properties in Corollary3.4.(1)-(2)

after replacingT by J.

The following corollary generalizes [Lus88, Theorem 6.5] and [CG97, Theorem 7.1.14].

Corollary 3.6. If R containsZ, then the center ofHF is equal to SW.

Proof. In this caseR[[Λ]] F is Σ-regular, and the conclusion follows similarly as [Zho13, Corollary
4.13]. �

3.2. The residue construction of Ginzburg–Kaprankov–Vasserot. In the remaining part of this
section, we work under Assumption2.7. We interpret the structure theorems in terms of the residue-
vanishing conditions in [GKV97].

Definition 3.7. For anyz=
∑

w∈W awδw ∈ QF
W with aw ∈ QF, consider the following conditions:

R1 for any rootα, xαaw ∈ Qα;
R2 for any rootα, aw + asαw ∈ Qα;
R3 aw/c̃w ∈ QF, wherec̃w was defined in (6).

We defineD̃F to be the subset ofQF
W consisting ofz =

∑
w∈W awδw with aw ∈ QF satisfyingR1 and

R2, and definẽHF ( D̃F consisting ofz=
∑

w∈W awδw, aw ∈ QF satisfyingR3.

These conditions we give here can be interpreted as conditions on the residues similar to [GKV97].
Indeed, for the formal group law (R, F), we have the formal scheme Spf(S). Inside Spf(S), there are
divisors defined byxα for each rootα. Then elements ofQF can be re-interpreted as rational functions
on Spf(S) which are regular away from the divisors defined byxα’s. ConditionR1 is equivalent to
saying that eachaw has at most a pole of order 1 along the divisor defined byxα. Define the residue of
f at the divisorxα = 0 to be Resxα f := πα(xα f ) ∈ Qα/(xα) whereπα : Qα → Qα/(xα) is the natural
projection. Then conditionR2 is equivalent to letting Resxα aw + Resxα asαw = 0 for anyw ∈ W.
Note that although Resxα defined this way depends on a choice of coordinates, the condition R2 is
independent of coordinates. ConditionR3 is equivalent to letting eachaw be vanishing along the
divisor defined byxα = xγ for anyα ∈ Σ(w).

It follows from similar argument as in [GKV97, Theorem 1.4] that̃DF andH̃F are algebras (note
that this argument relies on Lemma2.8, hence we need to work under Assumption2.7).

Theorem 3.8. Under Assumption2.7, we haveD̃F = DF andH̃F = HF as subalgebras of QFW.
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Proof. Also it is easy to see thatXi ∈ D̃F andTi ∈ H̃F for any i. Therefore, we haveDF ⊆ D̃F and
HF ⊆ H̃F.

Let z =
∑

w∈W awδw ∈ D̃F, with aw ∈ QF. To show that̃DF ⊆ DF, we need to show thatz · S ⊆ S.
For any rootα, let αW = {w ∈W|ℓ(sαw) > ℓ(w)}, thenW =α W⊔ sα · αW. For anyx ∈ S, we have

z · x =
∑

w∈W

aww(x) =
∑

w∈αW

(
aww(x) + asαwsαw(x)

)

=

∑

w∈αW

(
(aw + asαw)w(x) + asαw(sαw(x) − w(x))

)
.

We know byR2 thataw + asαw ∈ Qα , andw(x) ∈ S. Moreover,sαw(x) − w(x) = xα∆α(w(x)). By R1
we know thatxαasαw ∈ Qα. Soz · x ∈ Qα for anyα, and hencez · x ∈ ∩α∈Σ+Qα = S. In particular,
D̃F ⊆ DF by Theorem3.1( 1).

Now we prove that̃HF ⊆ HF. If z ∈ H̃F ( D̃F, then from the first part we know thatDF = D̃F, so
z · S ⊆ S. By Theorem3.1(2), it suffices to show that ifz satisfies ConditionR3, then it is aQ-linear
combination of{TIw}w∈W. According to Lemma2.11, we have

z=
∑

ℓ(w)≤k

awδw =

∑

ℓ(w)≤k

aw

∑

v≤w

aT
w,vTIv =

∑

v∈W

(
∑

v≥w,ℓ(w)≤k

awaT
w,v)TIv.

Fix v0 ∈W such thatℓ(v0) = k, then

bv0 :=
∑

w≤v0,ℓ(w)≤k

awaT
w,v0
= av0a

T
v0,v0
= av0

cv0

c̃v0

.

By ConditionR3,
av0
c̃v0

lies inQF , hencebv0 ∈ QF . Note thatbv0TIv0
satisfies ConditionR3, so it suffices

to replacezby z′ := z− bv0TIv0
=

∑
ℓ(w)≤k a′wδw which satisfiesa′v0

= 0. Repeating the above argument
on z′, and by decreasing induction onk we see thatz is a QF-linear combination of{TIw}w∈W. This
finishes the proof. �

4. Further properties and examples of the formal affine Hecke algebra

In this section we study the formal affine Hecke algebra when the formal group law isFa or Fm,
or when the ringR contains the field of rational numbers. We also prove the PBW property, i.e., we
construct a filtration on the formal affine Hecke algebra whose associated graded ring is isomorphicto
the degenerated affine Hecke algebra.

4.1. The cases of special formal group laws.

Proposition 4.1. Let R= Z and F= Fm(x, y) = x+ y− xy. Define the map

Z[q, q−1][Λ] ֒→ Z[Γ ⊕ Λ]∧ � Z[[Γ ⊕ Λ]] Fm, q 7→
1

1− xγ
, eλ 7→ 1− x−λ.

Then there is an isomorphism of rings

ψ : HFm

∼
−→ Z[Γ ⊕ Λ]∧ ⊗Z[q,q−1][Λ] Haff , with ψ(TFm

i ) = 1⊗
T−i

q
and ψ(xλ) = x−λ ⊗ 1 for λ ∈ Λ,
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such that that following diagram commutes

HFm

f1
//

ψ

��

EndZ(Z[Γ ⊕ Λ]∧)

Z[Γ ⊕ Λ]∧ ⊗Z[q,q−1][Λ] Haff

f2

44
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥

.

Here f2 is induced by the action of Haff on Z[q, q−1][Λ] (see[CG97, Theorem 7.2.16]), and f1 is
induced by the action ofHFm on R[[Γ ⊕ Λ]] Fm.

Proof. By Corollary 3.4, the algebraHF is generated byZ[[Γ ⊕ Λ]] Fm and {TFm
i }i∈[n] , subject to the

braid relations (Remark2.14) and the relations (5) and (6) in Lemma2.10. Direct computation shows
that (5) and (6) coincide with the corresponding defining relation ofHaff in Example1.2. In particular,
ψ is an isomorphism.

We also have that

f1(
1

1− xγ
TFm
−i ) : eλ 7→

eλ − esi (λ)

eαi − 1
− q

eλ − esi (λ)+αi

eαi − 1
and f1(xµ) : eλ 7→ xµe

λ.

Therefore, by (1), f1( 1
1−xγ

TFm
−i ) = f2(Ti) = f2 ◦ ψ( 1

1−xγ
TFm
−i ) and f1(xµ) = f2(x−µ) = f2 ◦ ψ(xµ). So the

diagram commutes. �

Remark 4.2. Since the action ofZ[q, q−1][Λ] ( Haff onZ[q, q−1][Λ] involves an automorphismι (see
Example1.2), our definition ofψ mapsxλ to x−λ ⊗ 1 so that the above diagram commutes.

Proposition 4.3. Let F = Fa, we define a map

S∗Z[ǫ](Λ)→ Z[[Γ ⊕ Λ]] Fa, ǫ 7→ xγ, λ 7→ xλ,

then there is an isomorphism of rings

HFa � Z[[Γ ⊕ Λ]] Fa ⊗S∗
Z[ǫ] (Λ) Hdeg, TFa

i 7→ 1⊗ θi , xλ 7→ xλ ⊗ 1,

which intertwines the actions of these two rings onZ[[Γ ⊕ Λ]] Fa.

Proof. Identifying ǫ with xγ andλ with xλ respectively, we have

TFa
i : λ 7→ γ

λ − xi(λ)
αi

+ si(λ) = θi · λ.

Moreover, by Remark2.14and Corollary3.4, the algebraHFa is generated byZ[[Γ⊕Λ]] Fa and{TFa
i }i∈[n]

subject to the same relations asHdeg. So the two rings are isomorphic. The fact that the isomorphism
commutes with the actions follows from direct computation. �

Example 4.4. Let Fl(x, y) = x+y
1+βxy be the Lorentz formal group law, then−Fl x = −x, κFl = 0 and

κ
Fl
i j = β. We have

(1) (TFl
i )2
= TFl

i ,
(2) If mi j = 2, thenTFl

i TFl
j = TFl

j TFl
i .

(3) If mi j = 3, thenTFl
i TFl

j TFl
i − TFl

j TFl
i TFl

j = βxγ(T j − Ti).

If the root datum is simply laced, then these three relationstogether with Lemma2.10.(5) form a
complete set of defining relations ofHFl .
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4.2. The formal affine Hecke algebra with rational coefficients. SupposeR is aQ-algebra. From
§2.2 we know that there is an isomorphismφF,Fa : R[[Γ ⊕ Λ]] F → R[[Γ ⊕ Λ]] Fa, which induces an
isomorphismQF

W → QFa
W by uδw 7→ φF,Fa(u)δw.

Lemma 4.5. If f (x) ∈ Q[[ x]] such that f(0) = 0 and the coefficient of x is nonzero, then f(x)(x − y)
divides x f(y) − y f(x).

Proof. By assumptionf (x)
x is invertible inQ[[ x]], so it suffices to show thatx(x− y) dividesg(x, y) :=

x f(y) − y f(x). Sincex andx− y are coprime, it suffices to show that bothx andx− y divide g(x, y).
But this follows sinceg(0, x) = g(x, x) = 0. �

Theorem 4.6. Assume R is aQ-algebra, andl(t) ∈ R[[ t]] is such that F(x, y) = l−1(l(x) + l(y)). Then,
there is an isomorphism

φ̃F,Fa : HF → HFa, TF
i 7→

l(xγ)

l(xi)
+
l(xi) − l(xγ)

l(xi )
δi .

The inversẽφFa,F of φ̃F,Fa is determined byφFa,F in § 2.

Proof. Firstly, we show that̃φF,Fa(T
F
i ) ∈ HFa. For simplicity, denotelγ = l(xγ) and li = l(xi), then

direct computation shows that

ψ̃F,Fa(T
F
i ) =

lγ

li
+
li − lγ

li
δi =

xi

li

li − lλ

xi − xλ
TFa

i +
lγxi − xγli
li(xi − xλ)

.

By [Fr68, Ch. IV, §1] we know that the power seriesl(x) has zero constant term and the coefficient of
x is 1. Therefore, by Lemma2.2and Lemma4.5, the expressions

xi(li − lλ)
li(xi − xλ)

and
lγxi − xγli
li(xi − xλ)

all belong toR[[Γ⊕Λ]] Fa. Soψ̃F,Fa : HF → HFa is well defined. Moreover, it is not difficult to see that

the map̃φFa,F mappingTFa
i to

l−1(xγ)
l−1(xi )

+
l−1(xi )−l

−1(xγ)

l−1(xi )
δi ∈ QF

W is the inverse of̃ψF,Fa, hence the conclusion

follows. �

4.3. Filtration on the formal affine Hecke algebra.Let IF ⊂ S be the kernel of the augmentation
mapS → R, xλ 7→ 0 for anyλ ∈ Γ ⊕ Λ, (note this is different from theĨF in the proof of Theorem
2) and let GrS = ⊕i≥0I

i
F/I

i+1
F � S∗R(Γ ⊕ Λ). We define a filtration ofHF as follows:H j

F ⊆ HF is the

R-submodule spanned byuTI such thatu ∈ I j
F. By [CPZ13, Lemma 5.3] we know that∆i(I

j
F) ⊆ I j−1

F .

Therefore, we haveTi · I
j
F ⊆ I

j
F. Therefore,H j

F is the set ofz ∈ HF such thatz · (Ik
F) ⊂ I j+k

F for all
k ≥ 0. We have the following filtration

HF = H0
F ) H1

F ) H2
F ) · · · .

Lemma 4.7. For any j, j′ ≥ 0, we haveH j
F ·H

j′

F ⊆ H j+ j′

F .

Proof. By Lemma2.10.(5), we know thatTiu = si(u)Ti + xγ∆i(u). Since∆i(I
j
F) ⊆ I j−1

F andsi(I
j
F) =

I
j
F, so moving an element ofS from the right ofTi to the left ofTi will not change the degree of

this element. Hence, if degu = j, degu′ = j′, thenuTI u′TI ′ ∈ H j+ j′

F for any I , I ′, so the conclusion
follows. �
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DenoteH(i)
F = H i

F/H
i+1
F and let GrHF = ⊕i≥0H(i)

F , then by definition GrHF is automatically a GrS-

module, and by Lemma4.7 it is a ring as well. Moreover,H j
F · I

k
F ⊆ I

k+ j
F . Therefore, GrHF acts on

GrS. The following theorem generalizes [Gin98, Proposition 12.3]:

Theorem 4.8(The PBW property). If R[[Λ]] F is Σ-regular, then there is an isomorphism of graded
rings

GrHF � R⊗Z Hdeg,

which intertwines their actions onGrS � S∗R(Γ ⊕ Λ) after identifyingǫ with λ as in Proposition4.3.

Proof. Let T̃i denote the image ofTi in GrHF. SinceHF is generated byS and Ti , i ∈ [n], the
algebra GrHF is generated by GrS and T̃i , i ∈ [n], subject to the same relations (after reducing
to the associated quotient). The relation in Lemma2.10.(6) reduces tõT2

i = 1. For u = xλ, the

relation in Lemma2.10.(5) reduces tõTiλ − si(λ)T̃i = γ∆̃i(λ), where∆̃i is the induced action ofXα
on GrS. By [CPZ13, Proposition 4.4] we know that̃∆i(λ) = ∆Fa

i (λ) = λ−si (λ)
αi

= 〈λ, α∨i 〉, hence

T̃iλ− si(λ)T̃i = γ〈λ, α
∨
i 〉. By direct computation, all the coefficientsui j

v appeared in (2.12) are divisible
by x2

γ. Therefore, the right hand side of (2.12) belongs toH1
F. But the left hand side belongs toH0

F

and hence (2.12) induces braid relations, i.e., (T̃iT̃ j)mi j = 1. So we conclude that GrHF satisfies all
the defining relations ofHdeg, which means GrHF � R⊗Z Hdeg. It is straightforward to show that the
action ofT̃i coincide with that ofθi. �

Example 4.9. It is not difficult to see that inHF/(xγ), Ti is identified withδi . Therefore we have
HF/(xγ) � R[[Λ]] F ⋊R R[W].

5. Convolution in equivariant oriented cohomology theories

In this section we collect basic notions about equivariant oriented cohomology theory. For any
equivariant oriented cohomology theory, we will also explain the construction of a convolution algebra
and its representations.

5.1. Equivariant oriented cohomology theories. In this subsection, following the setting of [CZZ14,
§2], we recall the axioms defining the equivariant oriented cohomology theories, the examples of
which are studied in [Des09], [EG98], [HM13], [Kr12], [LM07], [PS09], [Th87] and [To99].

Let H be a linear algebraic group overk. Let SmH
k be the category of smooth quasi-projective

varieties with anH-action, and the morphisms are alsoH-equivariant. Let pt= Spec(k) be the point.
An equivariant oriented cohomology theory overk is the following data:

(a) For any linear algebraic groupH, a contravariant functorAH from SmH
k to the category of

commutative rings with units;
(b) for each projective morphismf : X → Y, there is a push-forward morphismf∗ : AH(X) →

AH(Y), satisfying the projection formula;
(c) for any morphism of smooth linear algebraic groupsH′ → H, there is a natural transformation

AH → AH′ ◦ Res, whereRes: SmH
k → SmH′

k is the canonical restriction;
(d) a natural transformationcH : KH → ÃH, where for anyX ∈ SmH

k , KH(X) is the Grothendieck
group ofH-equivariant vector bundles onX, andÃH(X) = AH(X)[[ t]] with the multiplicative
structure.

This data should satisfy conditionsA1–A9 in [CZZ14, §2], which we recall as follows:
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A 1 (Compatibility for push-forwards). Push-forward is compatible with compositions of morphisms
and commutes with pull-backs in transversal squares.

A 2 (Compatibility for restrictions). Restriction is compatible with compositions of morphisms of
groups and commutes with push-forwards.

A 3 (Localization sequence). For any smooth closed H-subvariety i: Z ֒→ X with H-equivariant
open complement j: U → X, the following sequence is exact:

AH(Z)
i∗
→ AH(X)

j∗
→ AH(U)→ 0.

A 4 (Homotopy invariance). For any projection p: X ×k A
n → X in SmH

k such that H acts onAn

linearly, the pull-back p∗ is an isomorphism.

A 5 (Normalization). For any regular embedding i: D → X of codimension 1 inSmH
k , we have

cH
1 (O(D)) = i∗(1) ∈ AH(X).

A 6 (Torsors). Let p : X → Y be a morphism inSmH
k . Let H′ ⊂ H be a closed normal subgroup

such that H′ acts trivially on Y and p: X → Y is an H′-torsor. Denote q: H → H/H′, then the

composition AH/H′(Y)
Resq
−→ AH(Y)

p∗
−→ AH(X) is an isomorphism.

A 7. If H = {1}, A1 is an oriented cohomology theory in the sense of[LM07, Definition 1.1.2].

A 8 (Self-intersection formula). Let i : Y→ X be a regular embedding of codimension d inSmH
k , then

the normal bundleNY/X is H-equivariant and we have i∗i∗(1) = cH
d (NY/X).

A 9 (Quillen formula). If L1,L2 are two line bundles on X, we have

c1(L1 ⊗ L2) = F(c1(L1), c1(L2))

where F is the formal group law over A{1}(pt) associated to A:= A{1}.

For simplicity, we denoteR = A(pt), andc1 = cH
1 for any groupH. The equivariant Chow ring

determines the additive formal group lawFa, the equivariant K-theory determines the multiplicative
formal group lawFm, and the equivariant algebraic cobordism determines the universal formal group
law FL over the Lazard ringL.

Following [CZZ14, Definition 2.1], we also assume that the equivariant oriented cohomology is
Chern- complete over the point, that is,AH(pt) is separated and complete with respect to theγ-filtration
defined byc1. Note that the examples of equivariant oriented cohomology theories constructed using
Totaro’s process are all Chern-complete over the point, forinstance, the equivariant Chow ring CHH by
Edidin and Graham [EG98], and the equivariant algebraic cobordismΩH in [Des09], [HM13], [Kr12].
The equivariant K-theory of Thomason [Th87] is not Chern-complete but it will be after completion
at theγ-filtration.

Example 5.1. Let k be a field of characteristic zero, and letΩ(−) be the algebraic cobordism of
Levine-Morel. Following [To99], in [HM13] it has been explained howΩ extends to an equivariant
cohomology theory. In particular, for anyX ∈ SmH

k , Totaro’s construction produces a commutative
ringΩH(X), together with a filtration on it.

For any formal group law (R, F), one can define an equivariant oriented cohomology theory,sending
any H-variety X to ΩH(X) ⊗L R where the mapL → R is the classifying map induced by the formal
group lawF. The filtration onΩH(X) via Totaro’s construction induces a filtration onΩH(X) ⊗L R.
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The completion ofΩH(X) ⊗L Rwith respect to this filtration is denoted byΩH(X)⊗̂LR. The pull-back,
push-forward, and restriction of groups are defined in the naive way. It is clear that all the axioms of
equivariant oriented cohomology theories are satisfied. Inother words, any formal group law (R, F)
gives rise to an equivariant oriented cohomology theory in this way, which is automatically Chern
complete.

There is a nice formula for push-forwards from the total space of a projective bundle to the base,
which in the generality as stated below is due to Quillen. Specializing to the ordinaryK-theory, this
formula becomes the familiar Weyl character formula. Therefore, the general push-forward formula
will be referred to as theQuillen-Weyl character formula.

Lemma 5.2. [Vish07, Proposition 5.30]Let A be an equivariant oriented cohomology theory with
associated formal group law(R, F). Let X belong toSmH

k , V be some n-dimensional H-equivariant
vector bundle on X, andπ : PX(V)→ X be the corresponding projective bundle. Let f(t) ∈ AH(X)[[ t]] .
Then,

(8) π∗( f (c1(O(1)))) =
∑

i

f (−Fλi)∏
j,i(λ j −F λi)

,

whereλi are c1 of the Chern roots of V.

5.2. Convolution algebra and its representations.Let Mi be smooth quasi-projectiveH-varieties
for i = 1, 2, 3, and letZ12 ⊆ M1 × M2 andZ23 ⊆ M2 × M3 be smoothH-stable closed subvarieties.
Let pri, j : M1 × M2 × M3 → Mi × M j be the projection. Denotei : Z12 ×M2 Z23 → M1 × M2 × M3

to be the fiber product of pr−1
12(Z12) ×(M1×M2×M3) pr−1(Z23); AssumeZ12×M2 Z23 is smooth and assume

Z13 ⊆ M1×M3 contains the image ofZ12×M2 Z23 under the projection pr13 : M1×M2×M3→ M1×M3,
andp : Z12×M2 Z23→ Z13 is proper. Then we define∗ : AH(Z12) ⊗AH(k) AH(Z23)→ AH(Z13) to be

µ ⊗ µ′ 7→ p∗i
∗(pr∗12µ · pr∗23µ

′).

Example 5.3. We look at special cases that will be used.

(1) Let Mi → M0 be projective equivariant morphisms of quasi-projectiveH-varieties withMi

smooth fori = 1, 2. Let iZ : Z→ M1×M0 M2 be anH-stable smooth closed subvariety, proper
over M. TakeM3 = pt andZ12 = Z, Z23 = M2, andZ13 = M1. Then for anyη ∈ AH(Z) we
have an operatorη∗Z ∈ HomR(AH(M2),AH(M1)) such thatη∗Z X = pr1∗

(
(pr∗2 µ) · η

)
∈ AH(M1)

for anyµ ∈ AH(M2), where pri : Z→ Mi is the projection to thei-th coordinate.
(2) Let M0 = Spec(k), M1 = M2 = M3 = M be projective overk, andZ12 = Z23 = Z13 =

M × M. The above construction endowsAH(M × M) an associated product∗M×M , called the
convolution product. This product will also be denoted simply by ∗ if M is clear from the
context.

(3) WhenM is smooth and projective overk, there is a well-definedR-module homomorphism
AH(M × M)→ EndR(M), sendingη to the operatorη∗M×M .

We would like to define a convolution algebra structure onAH(M ×M0 M), and make sense of its
representation onA(Mx) whereMx is the fiber of the mapM → M0 over x ∈ M0. Unfortunately, the
varietiesM ×M0 M and Mx are in general singular, although they could be smooth in special cases.
For arbitrary equivariant oriented cohomology theory,a priori AH(M ×M0 M) andA(Mx) are not well-
defined. We need to restrict ourselves onto some special typeof oriented cohomology theories while
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needed. More precisely, sometimes we need to consider equivariant oriented Borel-Moore homology
theories on the category ofH-schemes of finite type overk, which restricts to equivariant oriented
cohomology theories on SmHk . (See [LM07, Definition 5.1.3] for the definition of oriented Borel-
Moore homology theories in the non-equivariant case.)

Recall from [LM07, Chapter 2] that for any schemeX of finite type (not necessarily smooth), the
algebraic cobordism groupΩ(X) is well-defined as a graded abelian group. It enjoys the following
properties, proved in [LM07, Theorem 7.1.1].

Proposition 5.4. Assume k has characteristic zero.

(1) For any two schemes X and Y, there is a exterior product⊠ : Ω(X) ×Ω(Y)→ Ω(X × Y).
(2) For any smooth morphism f: X → Y, or even more generally, local complete intersection

morphism, the pull-back f∗ : Ω(Y)→ Ω(X) is well-defined;
(3) The pull-back has a refined version, i.e., for any local complete intersection morphism f: X→

Y and an arbitrary morphism Z→ Y, there is a refined pull-back map f! : Ω(Z×Y X)→ Ω(Z),
which specializes to f∗ when Z→ Y is the identity morphism on Y.

(4) For proper morphism f: X → Y, there is a push-forward f∗ : Ω(X) → Ω(Y). Push-forwards
is compatible with pull-backs in a sense spelled out in[LM07, Definition 5.1.3].

(5) For any line bundleL on X, there is a first Chern class operatorc̃1(L) : Ω(X)→ Ω(X), which
commutes with refined pull-backs. For any two line bundlesL andM, the operators̃c1(L)
andc̃1(M) commute.

When X is smooth, the diagonal embedding∆ : X → X × X is a local complete intersection
morphism. The ring structure onΩ(X) is obtained from∆∗ ◦ ⊠ : Ω(X) ⊗Ω(X)→ Ω(X × X)→ Ω(X).

Let X be a smooth variety, so thatΩ(X) has a commutative ring structure. Then for any closed
subvarietiesZ1 andZ2 of X, we can define

(9) ∩ : Ω(Z1) ⊗Ω(pt) Ω(Z2)→ Ω(Z1 ×X Z2)

as follows. Let∆ : X → X × X be the diagonal embedding. AsX is smooth, this is a local complete
intersection morphism. LetZ1 × Z2→ X × X be the obvious map. Its base change with respect to∆ is
the embeddingZ1×X Z2→ X. We define∩ to be the composition of⊠ : Ω(Z1) ×Ω(Z2)→ Ω(Z1 × Z2)
and the refined pull-back∆! : Ω(Z1 × Z2)→ Ω(Z1 ×X Z2).

If X is an H-scheme of finite type, we defineΩH(X) using Totaro’s construction in [HM13].
There are still well-defined pull-back for equivariant local complete intersection morphisms and push-
forward for equivariant proper morphisms, and the first Chern class operator̃cH

1 (L) onΩH(X) is still
well-defined forH-equivariant line bundleL overX. Also, by construction,̃c1(L) is compatible with
respect to restriction of groups. Consequently, for any smooth H-variety X, andZ1, Z2 ⊆ X two H-
stable closed subvarities,∩ : ΩH(Z1) ⊗ΩH (pt) ΩH(Z2) → ΩH(Z1 ×X Z2) is well-defined.The details are
spelled out in [HM13].

Assumption 5.5. We assumek has characteristic zero, and assume the equivariant oriented cohomol-
ogy theoryA satisfies that

AH(X) = ΩH(X)⊗̂LR, X ∈ SmH
k

where (R, F) is the formal group law associated to the cohomology theoryA.

The completed tensor product on the right hand side is explained in Example5.1. Note that this
assumption is satisfied if the underlying ordinary orientedcohomology theoryA satisfies thatA(X) =
Ω(X) ⊗L R, and the equivariantAH(X) is obtained from the ordinary theory by Totaro’s construction.
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For simplicity, in the rest of this section, we concentrate on oriented cohomology theories satisfying
this assumption. Note that this family is in one-to-one correspondence with formal group laws, and
it includes a lot of examples people have considered, e.g., the Chow ring CH, the (completion of)
K-theory, and obviously the algebraic cobordism theory itself. For any equivariant oriented cohomol-
ogy theory satisfying Assumption5.5, and for any singularH-variety X, we defineAH(X) simply as
ΩH(X) ⊗L R. The push-forwards and pull-backs are defined in the naturalway.

Let Mi be smooth quasi-projectiveH-varieties fori = 1, 2, 3, and letZ12 ⊆ M1 × M2 andZ23 ⊆

M2 × M3 be H-stable closed subvarieties. Note thatZ12 andZ23 are not necessarily smooth, which
is different from the case in§5.2. Let pri, j : M1 × M2 × M3 → Mi × M j be the projection. Denote
Z12 ×M2 Z23→ M1 × M2 × M3 to be the fiber product of pr−1

12(Z12) ×(M1×M2×M3) pr−1(Z23); and define
Z12◦Z23 ⊆ M1×M3 to be the image ofZ12×M2Z23 under the projection pr13 : M1×M2×M3→ M1×M3.
Note that in generalZ12 ◦ Z23 is not smooth even when bothZ12 andZ23 are.

The following Proposition allows us to consider convolution algebras and their representations. The
equivariantK-theory version is [CG97, 2.7.5].

Proposition 5.6. Under Assumption5.5.

(1) Assume further that the natural map Z12 ×M2 Z23 → Z12 ◦ Z23 is proper. Then, there is a
well-defined map

∗ : AH(Z12) ⊗AH(pt) AH(Z23)→ AH(Z12 ◦ Z23).

(2) The map∗ is associative in the usual sense.
(3) Suppose M→ M0 is a projective morphism, and let Z be an H-stable closed subvariety of

M ×M0 M. Then, there is a well defined morphism AH(Z) ⊗ A(Mx)→ A(Mx).
(4) In particular, when Z= M ×M0 M, the R-module homomorphism above extends to a homo-

morphism of R-algebras AH(M ×M0 M)→ EndR(A(Mx)).

Proof. We only need to prove this whenA is the algebraic cobordismΩ.
Although p−1

12(Z12) may not be a smooth variety, the projectionp12 : p−1
12(Z12) → Z12 is a smooth

morphism, asM3 is smooth. Therefore, we have a pull-backp∗12 : ΩH(Z12) → ΩH(p−1
12(Z12)). Simi-

larly, we havep∗23 : ΩH(Z23) → ΩH(p−1
23(Z23)). Both p−1

12(Z12) and p−1
23(Z23) areH-stable subvarieties

of M1 × M2 × M3, which is smooth, therefore, by (9), have∩ : ΩH(p−1
12(Z12)) ⊗ ΩH(p−1

23(Z23)) →
ΩH(Z12 ×M2 Z23). The map∗ we are looking for is the composition ofp∗12 ⊗ p∗23, ∩ followed by the
push-forward induced byZ12×M2 Z23→ Z12 ◦ Z23.

The associativity (2) is proved in the usual way. The statements (3), and (4)are consequences of
(2). �

5.3. Bivariant Riemann-Roch. In this subsection, we still assume Assumption5.5 and in addition
R⊃ Q.

Recall from§4.2 that l(x) ∈ R[[ x]] is the power series defining the isomorphism between (R, F) and
(R, Fa). For eachH-equivariant vector bundleV over X with Chern rootsL1, ...,Ln, define the Todd
class

Td(V) =
∏

i

c1(Li)
l(c1(Li))

.

For anyX in SmH
k , we say a cohomology classη ∈ AH(X) is of geometric origin, if there are

H-equivariant line bundlesL1, . . . ,Lk on X and a power seriesf ∈ R[[ x1, . . . , xk]] such thatη =
f (c̃1(L1), . . . , c̃1(Lk))(1X).
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Recall the equivariant twisted Chow ring CHl is defined as follows: for anyX ∈ SmH
k , define

CHH,l(X) = CHH(X)⊗̂ZR; for any smooth morphismf : X → Y in SmH
k the pull-back is f ∗ :=

f CH∗⊗̂Z idR : CHH(Y)⊗̂ZR → CHH(X)⊗̂ZR, and for any proper mapf : X → Y in SmH
k the push-

forward f∗ : CHH(X)⊗̂ZR→ CHH(Y)⊗̂ZR sendscCH
1 (L) to f CH

∗

(
l(cCH

1 (L)) Td(T f)
)

whereT f is the

relative tangent bundle overX. For anyX, the above isomorphism mapsc1(L) to l(cCH
1 (L)) for any

equivariant line bundleL on X.

Proposition 5.7([PS04]). Let A be an equivariant oriented cohomology theory with formal group law
(R, F), satisfying Assumption5.5, and supposeQ ⊆ R. Then there is an isomorphism of equivariant
oriented cohomology theories

A( ) � CHl( ).

Note that for anyM ∈ SmH
k and anyη ∈ AH(M × M) of geometric origin, i.e.,

η = f (c̃1(L1), . . . , c̃1(Lk))(1M×M),

we denote
l(η) = f

(
l(̃cCH

1 (L1)), . . . , l(̃cCH
1 (Lk))

)
(1M×M) ∈ ChH,l(M × M).

We define the bivariant Riemann-Roch mapRRas

RR: AH(M × M)→ CHH,l(M × M), RR(η) = l(η)π∗2(Td(T M)),

whereπ2 : M × M → M is the projection to the second factor. Note that the target of RRis the usual
equivariant Chow ring extended by scalars and then completed, to be distinguished from the usual
twisted (ordinary) Chow ring CHl. From Proposition5.7, we have the following fact which can be
proved the same way as [CG97, Proposition 5.11.11].

Corollary 5.8. Letη, η′ ∈ AH(M × M) be of geometric origin, then

RR(η ∗ η′) = RR(η) ∗ RR(η′),

that is, RR is an isomorphism of convolution algebras.

6. Convolution construction of the formal affine Hecke algebra

In this section, we identify the formal affine Hecke algebra as the convolution algebra of the Stein-
berg variety.

6.1. Construction and the main theorem. From now on,G will be a semi-simple, simply-connected
algebraic group with Lie algebrag over an algebraically closed fieldk. Fix T ⊆ B ⊆ G whereT a
maximal torus andB is a Borel subgroup containingT, and letΛ be the group of characters ofT, then
there is an associated simply connected root datumΣ ֒→ Λ∨ such thatW = NG(T)/T andΛ = Λw is
the weight lattice. We identifyG/B with the flag varietyB, parametrizing all Borel subalgebras ofg,
thenΛ � Pic(B). LetN be the nil-cone ofg consisting of nilpotent elements. It admits a resolution
of singularities given bỹN := T∗B. The groupG acts onB naturally and acts oñN via the induced
action. There is also an action ofGm on Ñ via scaling each fiber of the cotangent bundle.

Let A be an arbitrary equivariant oriented cohomology theory, whose associated formal group law
is denoted by (R, F) whereR := A(k) and F(u, v) ∈ R[[u, v]]. Let kq be the standard 1-dimensional
representation ofGm, whoseGm-equivariant first Chern class (or weight for short) is denoted byxγ ∈
AGm(pt).
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Proposition 6.1. There is an isomorphism of R-algebras

AG×Gm(Ñ) � AG×Gm(B) � AG×Gm(G/T) � AT×Gm(k) � R[[ xγ]][[ Λ]] F .

Proof. The first and second isomorphism follow from extended homotopy equivalence. The third
identity follows from the definition of equivariant oriented cohomology, and the last one follows from
[CZZ14, Theorem 3.3]. �

From now on we denoteS = R[[ xγ]][[ Λ]] F . For any elementu ∈ S, there is a corresponding element
in EndR(S) acting onS via left multiplication byu.

Lemma 6.2. Let△ : Ñ → Ñ ×Ñ be the diagonal embedding andpri : Ñ ×Ñ → Ñ be the projections
for i = 1, 2. Let u∈ S . Then the following operator on S

pr1∗(△∗(u) · pr∗2( ))

is left multiplication by u.

Proof. For anyv ∈ S, we have

pr1∗(∆∗(u) · pr∗2(v)) = pr1∗(∆∗(u · ∆
∗(pr∗2(v)))) = u · ∆∗(pr∗2(v)) = uv

where the first identity follows from the projection formula, and the other two identities follows from
the identities pri ◦∆ = idÑ for i = 1, 2. �

Recall that inB × B, the orbits of the diagonalG-action are in natural one-to-one correspondence
with the Weyl groupW. LetYα be the orbit corresponding to a simple rootα ∈ Φ. Its closureYα is the
union ofYα andB△, the diagonal. LetZα beT∗

Yα
(B×B), which is the closure ofT∗

Yα
(B×B), considered

as a closed subvariety of̃N ×N Ñ . Note thatZα is smooth for any simple rootα. Let π : Zα → Yα be
the bundle projection. Note thatZα is smooth, and the second projection pr2 : Ñ × Ñ → Ñ is proper
when restricted toZα. Without raising too much confusion, we will denote the restriction of pri to Zα
still by pri for i = 1, 2. According to Example5.3, any elementη ∈ AG×Gm(Zα) defines an operator in
EndR(AG×Gm(Ñ )) by sending anyµ ∈ AG×Gm(Ñ) to pr1∗(pr∗2(µ) · η) ∈ AG×Gm(Ñ). This operator will be
denoted byη∗Z.

From now on in this section, we denotec1 = cG×Gm
1 for simplicity. Letπ2 : Yα → B be the second

projectionB × B → B restricted toYα, which is aG × Gm-equivariant fibre bundle with each fiber
isomorphic toP1. LetΩ1

π2
be the relative cotangent bundle of the projectionπ2 : B×B → B, which is

aG× Gm-equivariant line bundle. DefineJα = π∗Ω1
π2

on Zα, and

(10) JA
α :=

c1(Jα) − c1(kq)

c1(Jα ⊗ k∨q )
,

which belongs toAG×Gm(Zα) by Lemma2.2 .
Let AG×Gm(Z)′ be theR-subalgebra of EndR(AG×Gm(Ñ)) generated byu ∈ AG×Gm(Ñ) and operators

JA
α∗Z for α ∈ Φ. Note that by Lemma6.2, for u ∈ AG×Gm(Ñ) � S, the corresponding operator in

EndR(AG×Gm(Ñ )) acts by left multiplication byu. This is different from the convention inK-theory
wherexλ ∈ S acts by multiplication byx−λ [CG97, Proposition 7.6.38]. Herexλ = c1(Lλ) with Lλ the
line bundle onB with characterλ ∈ Λ.
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Let µα := x−α
−xα

. Recall from Remark2.18that we haveJF
α ∈ HF with

(11) JF
α · xλ = (x−α − xγ)Y−α · xλ = (x−α − xγ)(

xλ
xα
+

sα(xλ)
x−α

), λ ∈ Λ.

Theorem 6.3. Under Assumption2.6, there is an isomorphism of R-algebras

ΨA : HF → AG×Gm(Z)′

defined byΨA(x) = x ∈ S � AG×Gm(Ñ) for x ∈ S ⊆ HF andΨA(JF
α ) = JA

α such that the following
diagram commutes

(12) HF
ΨA

//

��

AG×Gm(Z)′

��

EndR(S) �
// EndR(AG×Gm(Ñ )).

By definition the right vertical map in the diagram (12) is injective, and by Corollary3.3 the left
vertical map is also injective. The action ofx ∈ AG×Gm(Z)′ andΨA(x) ∈ HF coincide by definition. To
prove the theorem, it suffices to show that the action ofJA

α on xλ = c1(Lλ) coincides with (11).
Following the same reduction argument as in [CG97, §7.6], it suffices to assume thatG is of rank-

one. We will calculate in§6.2the effect of the operatorJA
α onc1(Lλ), which is given by Proposition6.8

below. The proof of Theorem6.3then follows.
We need the following lemma to simplify our calculation. Foreachη ∈ AG×Gm(B × B), we denote

the convolution operatorη∗B×B ∈ End(AG×Gm(B)) by η ∗B×B µ = π1∗(η · π∗2(µ)) whereπi are the
projectionsB × B → B for i = 1, 2.

Lemma 6.4. [CG97, Lemma 5.4.27]Let j : Zα → Ñ × Ñ be the natural embedding. Let p2 :
Ñ × Ñ → Ñ ×B be the identity on the first factor and the bundle projection on the second factor. Let
i : B × B → Ñ × B be the zero-section. Then, p2 ◦ j is injective. Moreover, the following diagram
commutes

AG×Gm(Zα)
∗Z

//

i∗◦p2∗◦ j∗
��

EndR(S)

�

��

AG×Gm(B × B)
∗B

// EndR(AG×Gm(B)).

6.2. Rank-one case.In this subsection we assumeG has rank 1. There is only one simple root,
denoted byα. In this case,B � P1, andZα = Yα = P1 × P1. The line bundleLλ is isomorphic to
OP1(〈λ, α∨〉) on P1, and the line bundleΩ1

π2
is identified withΩ1

P1 ⊠ OP1 := π∗1(Ω1
P1) ⊗ π

∗
2OP1. The

composition ofj andp2 is the zero-section of the line bundleΩ1
P1 ⊠ OP1 � (Ω1

P1 ⊗ k∨q ) ⊠OP1, and so is
i. The map

(13) i∗ ◦ p2∗ ◦ j∗ : AG×Gm(Zα) = AG×Gm(P1 × P1)→ AG×Gm(P1 × P1),

according toA 8, (see also [CG97, (7.5.17)] for theK-theory version), is multiplication byc1((Ω1
P1 ⊗

k∨q ) ⊠ OP1).
We identifyP1 with P(A2), andT with Gm, then the action ofT onA2 has weightsα/2 and−α/2.
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Lemma 6.5. Under the identification AG×Gm(P1) � AT×Gm(k) � R[[ xγ]][[ xα/2]] from Proposition6.1,
the class c1(OP1(1)) is identified with xα/2.

Proof. This follows from the proof of [CZZ14, Theorem 3.3]. �

Let πi : P1 × P1→ P1 be thei-th projection fori = 1, 2.

Lemma 6.6. The element1 ∈ AG×Gm(P1 × P1) acts on AG×Gm(P1) � R[[ xγ, xα/2]] by

1 ∗B×B c1(Lλ) =
〈λ, α∨〉F x−α/2
x−α/2 −F xα/2

+
〈λ, α∨〉F xα/2
xα/2 −F x−α/2

whereLλ is the line bundle onP1 with characterλ ∈ Λ.

Proof. We have

π1∗

(
1 · π∗2(c1Lλ)

)
) = π1∗

(
π∗2(c1OP1(〈λ, α∨〉))

) (8)
=
〈λ, α∨〉F x−α/2
x−α/2 −F xα/2

+
〈λ, α∨〉F xα/2
xα/2 −F x−α/2

.

�

By the projection formula and Lemma6.6, we have the following more general formula.

Lemma 6.7. Let f(xα, xγ) ∈ R[[ xα/2]][[ xγ]] � AG×Gm(P1) be an arbitrary class. Then the element
π∗1( f ) ∈ AG×Gm(P1 × P1) acts on c1(Lλ) ∈ AG×Gm(P1) by

(π∗1 f ) ∗B×B c1(Lλ) = f (xα, xγ)

(
〈λ, α∨〉F x−α/2
x−α/2 −F xα/2

+
〈λ, α∨〉F xα/2
xα/2 −F x−α/2

)
.

Proposition 6.8. We have JAα ∈ AG×Gm(Zα) is equal to the class

c1(O(−2))− c1(kq)

c1(O(−2)⊗ k∨q )
.

Moreover, the effect of the operator JAα∗Z ∈ AG×Gm(Z)′ on c1(Lλ) ∈ AG×Gm(P1) coincides with that of
JF
α on xλ ∈ S .

Proof. The first part follows from the fact thatΩ1
P1 = OP1(−2). For the second part, we have

JA
α ∗Z c1(Lλ) = π1∗

[
π∗2 (c1(Lλ)) · c1

(
(Ω1
P1 ⊗ k∨q ) ⊠ OP1

)
· JA

α

]

= π1∗

[
π∗2

(
c1(OP1(〈λ, α∨〉))

)
· π∗1

(
c1(OP1(−2))− c1(kq)

)]

= (x−α − xγ)

(
(−〈λ, α∨〉)F xα/2
x−α/2 −F xα/2

+
(−〈λ, α∨〉)F x−α/2

xα/2 −F x−α/2

)

= (x−α − xγ) ·

(
sα (xλ)

x−α
+

xλ
xα

)

where the first identity follows from Lemma6.4, (13) and the definition of∗B, and the second identity
follows from the definition ofJA

α . The third identity follows from Lemma6.7 and the projection
formula. The fourth identity follows since the rank is assumed to be one. Comparing with (11) we
know that the effect ofJA

α onc1(Lλ) coincides with that ofJF
α on xλ, so the conclusion follows. �
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6.3. Bivariant Riemann-Roch. In this subsection assume thatR is aQ-algebra. As is proved in§4.2,
all the formal affine Hecke algebras are isomorphic to each other regardless ofthe formal group laws.
In the following Proposition, we prove that the bivariant Riemann-Roch map defined in Corollary5.8
provides isomorphisms between convolution algebras and iscompatible with the one in§4.2. Recall
from §2.2 that l(x) is the power series such thatl(x+ y) = l(x) +F l(y).

Proposition 6.9. Under Assumptions5.5, 2.6, andQ ⊆ R. Let RR: AG×Gm(B × B) → CHG×Gm(B ×
B;Q)⊗̂QR be the bivariant Riemann-Roch map as in Corollary5.8. Then RR induces an isomorphism
RR: AG×Gm(Z)′ → CHG×Gm(Z;Q)′⊗̂R making the following diagram commutative,

AG×Gm(Z)′ RR
//

��

CHG×Gm(Z;Q)′⊗̂R

��

AG×Gm(B × B) RR
// CHG×Gm(B × B;Q)⊗̂QR

where the vertical maps are given by Lemma6.4.
Moreover, the following diagram of isomorphisms commutes:

HF
φ̃F,Fa

//

∼ ΨA

��

Ha
F

∼ ΨCH

��

AG×Gm(Z)′
RR

// CHG×Gm(Z;Q)′⊗̂R

where the map̃φF,Fa is defined in§4.2.

Proof. It suffices to check the commutativity onJA
α for simple rootα, and it suffices to prove this in

the case whenG = SL2, in which caseZα = P1 × P1 and the embeddingZα ֒→ Ñ × Ñ � T∗(P1 × P1)
is identified with the zero-section ofT∗(P1× P1). By Lemma6.4, i∗p2∗ j∗(JA

α ) = π∗1(c1(Jα) − c1(kq)) ∈
A∗G×Gm

(P1 × P1). Note that in the Chow ring,JCH
α = cCH

1 (π∗2Jα). Let πi : P1 × P1 → P1 be thei-th
projection fori = 1, 2. We have

RR(JA
α ) = l

(
π∗1(cCH

1 (Jα) − cCH
1 (kq))

)
·


cCH

1 π∗2TP1

l(cCH
1 π∗2TP1)



=


l(cCH

1 π∗1T∗P1)

cCH
1 π∗1T∗P1

 ·


cCH
1 π∗2TP1

l(cCH
1 π∗2TP1)

 JCH
α .

Since l(x)
x is an invertible power series, so the mapRRis an isomorphism. By Lemma6.7, the element

RR(JA
α ) =


l(cCH

1 π∗1T∗P1)

cCH
1 π∗1T∗P1

 ·


cCH
1 π∗2TP1

l(cCH
1 π∗2TP1)

 JCH
α

is the operator

xλ 7→
(
l(x−α) − l(xγ)

)
CFa
−α(

xα
l(xα)

· xλ).

ForF = Fa we haveκFa = 0 andx−α = −xα, so the right hand side is equal to the action of the operator
(l(x−α) − l(xγ))(−XFa

−α) xα
l(xα) on xλ. Denotelα = l(xα), l−α = l(−xα) and lγ = l(xγ), by Theorem6.3 we
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have

Ψ
−1
CH ◦ RR◦ΨA(JF

α ) = RR(JA
α ) = (l−α − lγ)(−XFa

−α)
xα
lα
= (l−α − lγ)[

1
x−α

δα −
1

x−α
]
xα
lα

= (l−α − lγ)[
1
−xα

x−α
l−α

δα +
1
lα

] = (l−α − lγ)(
1
l−α

δα +
1
lα

).

From§4.2we have

φ̃F,Fa(J
F
α ) = φ̃F,Fa((x−α − xγ)Y−α) = φ̃F,Fa

(
(x−α − xγ)(

1
x−α

δα +
1
xα

)

)
= (l−α − lγ)(

1
l−α

δα +
1
lα

),

so the diagram commutes. �

6.4. Equivariant oriented cohomology of the Steinberg variety. In this subsection we assume the
oriented cohomology theoryAH satisfies Assumption5.5, and the formal group law (R, F) satisfies
Assumption2.6. We prove that the algebraAG×Gm(Z)′ is actually isomorphic toAG×Gm(Z). Note that
this statement has no meaning without Assumption5.5and the interpretation in§5.2. Without loss of
generality, we assumeAH = ΩH and soF = FL.

Following the same argument as in [CG97, Claim 7.6.7] (which only relies on formal properties
of equivariant oriented cohomology theories), the representationΩG×Gm(Z) → EndR(ΩG×Gm(Ñ)) is
faithful.

Proposition 6.10. The assignment JLα 7→ JΩα ∈ ΩG×Gm(Zα) ⊂ ΩG×Gm(Z) for any simple rootα extends
to a unique injective ring homomorphism

Θ : HL → ΩG×Gm(Z).

Proof. The classJΩα ∈ ΩG×Gm(Z) acts onS by the operatorJLα . Hence, the image ofΩG×Gm(Z) in
EndR(S) contains the operatorsJLα . The ring homomorphismsHL � ΩG×Gm(Z)′ → EndR(ΩG×Gm(Ñ))
andΩG×Gm(Z) → EndR(ΩG×Gm(Ñ )) are injective. Therefore, the statement follows from thefact that
HL is generated byJLα andS. �

When restricting to special equivariant cohomology theories, Theorem6.3has the following strength-
ening.

Theorem 6.11.Under Assumption2.6and5.5, the morphismΘ is an isomorphism of algebras.

This theorem is proved in the same way as [CG97, Theorem 7.6.10]. For completeness, we include
the sketch of the proof.

OnHL, there is a well-defined filtration by Bruhat order. Explicitly, for any set of reduced sequences
{Iw}w∈W, let H≤w

L
⊆ HL be theS-submodule spanned byJLIv

with v ≤ w. This filtration is well-defined

since{JLIw
}w∈W is aS-basis ofHL, according to Remark3.5. Indeed, this filtration does not depend on

the choice of{Iw}w∈W, and replacingJL by TL will give the same filtration. The subquotientH≤w
L
/H<w
L

is free of rank one, spanned byJLIw
.

On the other hand, we define a filtration onΩG×Gm(Z). LetYw be theG-orbit ofB×B corresponding
to w ∈ W. By [CG97, Corollary 3.3.5], we haveZ =

∐
w∈W T∗

Yw
(B × B). The irreducible components

of Z are in one-to-one correspondence with elements in the Weyl groupW. For example the closure
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T∗
Ysi

(B × B) = T∗
Ysi

(B×B) is the irreducible component corresponding to the simple reflectionsi . For

anyw ∈W, let

Z≤w =

∐

v≤w

T∗
Yv

(B × B).

This is a closed subvariety ofZ, stable under the action ofG × Gm. The push-forward morphisms
ΩG×Gm(Z≤w) → ΩG×Gm(Z) are injective whose images define a filtration onΩG×Gm(Z) by Bruhat
order. AsZ≤w = Z<w

∐
T∗
Yw

(B × B), andT∗
Yw

(B × B) is an affine bundle overYw, which in turn is an
affine bundle overB, we have

(14) ΩG×Gm(Z≤w)/ΩG×Gm(Z<w) � ΩG×Gm(T∗
Yw

(B × B)) � ΩG×Gm(B) � S.

Proof of Theorem6.11. By definition ofΘ and the proof of [CG97, Proposition 7.6.12.(1)], the map
Θ is filtration preserving, so by [CG97, Proposition 2.3.20.(ii)] we only need to show thatΘ induces
an isomorphism ofS-modules

Θw : H≤w
L
/H<w
L → ΩG×Gm(Z≤w)/ΩG×Gm(Z<w) � S.

Since the left hand side is a freeS-module with basisJLIw
, it suffices to show thatΘw(JLIw

) is invertible
in S.

Let Iw = (i1, ..., ir). We need to calculateΘw(JLIw
) which is equal to the convolution byJΩsi1

∗ · · · ∗ JΩsir
.

Following the proof of [CG97, Proposition 7.6.12.(2)], we define prj, j+1 : (T∗B)r+1 → T∗(B × B) �
T∗(B) × T∗(B) to be the projection to the (j, j + 1) factor, and defineZi j = pr−1

j, j+1(T∗Ysi j

(B × B)), for

j = 1, . . . , r − 1. The projection

Zi1 ×Ñ Zi2 ×Ñ · · · ×Ñ Zir → Zw

restricts to an isomorphism

Zi1 ∩Zi2 ∩ · · · ∩ Zir � T∗
Yw

(B × B).

Therefore, we have

Θw(JLIw
) = Θ(JLs1

· · · JLsr
)|T∗
Yw

(B×B)

= (JΩsi1
∗ · · · ∗ JΩsir

)|T∗
Yw

(B×B)

= (
c1(Ji1) − c1(kq)

c1(Ji1 ⊗ k∨q )
|Z1) ∩ · · · ∩ (

c1(Jir ) − c1(kq)

c1(Jir ⊗ k∨q )
|Zr )

=
c1(Ji1) − c1(kq)

c1(Ji1 ⊗ k∨q )
· · ·

c1(Jir ) − c1(kq)

c1(Jir ⊗ k∨q )
|T∗
Yw

(B×B),

which is invertible inS by Lemma2.2. �

7. Geometric construction of the standard modules

In this section, we study representations of the algebraHF . In particular, we identify the set of all
irreducible representations, and use Theorem6.3to show that for anyx ∈ N , we have an action ofHF

on A(Bx).
Let kχ be a field, and letR→ kχ be any point of SpecR. We consider modulesM overHF, such

that the action ofR ⊆ HF factors throughR → kχ. We assume further thatM is finite dimensional
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as a vector space overkχ. The abelian category ofHF-modules with this property will be denoted by
HF-modχ. We will study irreducible objects in this category, and give geometric construction of the
standard objects. We sayM ∈ HF-modχ is irreducible if it has no sub-objects. Recall that we defined
a filtration onHF in §4.3.

Lemma 7.1. For every irreducible representation M inHF-modχ, the action ofHF factors through
the quotient algebra

H(0)
F � H0

F/H
1
F .

We introduce some notations. The subringSW ⊆ HF is a central subalgebra. The action ofHF,
when restricted toSW, factors throughSW → kχ. Let IF be the augmentation ideal ofS as in§4.3,
and denote the intersectionSW

+ = IF ∩ SW, then it is contained in the kernel ofSW → kχ. SoSW
+

acts trivially onM. Let (SW
+ ) be the ideal inHF generated bySW

+ . We know thatxγ ∈ SW
+ , so by

Example4.9, we have
HF/(S

W
+ ) � (S/SW

+ ) ⋊ R[W].

Recall also thatHF is of finite rank as a module overSW. ConsequentlyHF/(SW
+ ) is anR-module of

finite rank.

Proof of Lemma7.1. The filtration onHF in §4.3 induces a filtration onHF/(SW
+ ). SinceHF/(SW

+ )
has finite rank, soH i

F/(S
W
+ ) = 0 for somei, and thereforeH1

F/(S
W
+ ) is a nilpotent subset inHF/(SW

+ ).
SoH1

F/(S
W
+ ) is contained in the Jacobson radical ofHF/(SW

+ ), which acts trivially onM. �

Remark 7.2. Assuming that the torsion indext is invertible inR(see [CPZ13, §5.1]), by [CPZ13, The-
orem 6.9 and Theorem 13.13], the ring of coinvariantsS/SW

+ of the formal group algebra is isomorphic
to A(B), which is a freeR-module of finite rank. Hence in this case

HF/(S
W
+ ) � (S/SW

+ ) ⋊ R[W] � A(B) ⋊ R[W].

Recall from§4.3 that H(0)
F is canonically isomorphic toH(0)

deg � R[W]. Therefore, we have the
following easy consequence.

Corollary 7.3. The irreducible representations ofHF on which R acts by kχ are in one-to-one corre-
spondence with those of kχ[W].

Now we assume the oriented cohomology theoryA satisfies Assumption5.5, so that we can con-
sider convolution algebra and its representations. For anyx ∈ N , let Bx be the fiber of the Springer
resolutionÑ → N over x. Let Gx be the centralizer ofx with respect to theG-action onN . Let
Cx be the component group ofGx, i.e., the quotient ofGx by its connected component containing the
identity.

Proposition 7.4. Under Assumptions2.6and Assumption5.5, we have

(1) There is a natural action ofHF on A(Bx), and this action factors through the quotient algebra
HF/(SW

+ );
(2) The action ofHF on A(Bx) commutes with the action of Cx.

Proof. It is a direct consequence of Proposition5.6 that HF acts onA(Bx), and the second part of
Statement (1) follows from the observation that the action of HF � AG×Gm(Z) factors throughA(Z). In
other words, the subringSW

� AG×Gm(pt) acts by the quotientSW → R.
Statement (2) follows from the same proof as that of [CG97, Lemma 3.5.2]. �
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Remark 7.5. It is proved by De Concini, Lusztig, and Procesi that the Springer fiberBx admits a cell
decomposition. Therefore, the rank ofA(Bx) as a module overR is finite and is independent of the
equivariant cohomology theoryA.

If kχ has characteristic zero, i.e.,Q ⊆ kχ, then by the bivariant Riemann-Roch theorem, the repre-
sentations ofHF are no much different then that of degenerate affine Hecke algebras. More precisely,
by Corollary5.8and Proposition6.9, there is an isomorphismRR: A(Bx) � CH(Bx) ⊗Z R, so that the
following diagram commutes

HF
//

��

HFa

��

EndR(A(Bx)) // EndR(CH(Bx) ⊗Z R);

For each irreducible representationν of Cx over the fieldkχ, let Ax,χ,ν be the isotypical component
in AG×Gm(Bx) ⊗R kχ that transforms underCx as the representationν.

Corollary 7.6. Assume further that kχ has characteristic zero. Then

(1) for any pair (x, ν), the module Ax,χ,ν has a unique irreducible quotient if it is non-zero, which
will be denoted by Lx,χ,ν;

(2) any irreducibleHF -module finitely generated over R such that the R-action factors through
kχ is isomorphic to one of them;

(3) the characters of Ax,χ,ν are given by the Deligne-Langlands-Lusztig character formula.

But if kχ has positive characteristic, although the absolutely irreducible representations are the same
as those of thekχ[W] as Corollary7.3shows, the study of irreducible objects inkχ[W]-mod, and hence
in HF-modχ in positive characteristic is difficult to due to the failure of the decomposition theorem
of perverse sheaves. Moreover, the Jordan-Hölder multiplicities of the irreducible representations in
A(Bx) for x ∈ N are not known to us.
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MR28388361.2, 3.1, 3.1, 4.1, 5.2, 5.3, 6.1, 6.1, 6.4, 6.2, 6.4, 6.4, 6.4, 7

http://www.ams.org/mathscinet-getitem?mr=1988282
http://www.ams.org/mathscinet-getitem?mr=0968883
http://www.ams.org/mathscinet-getitem?mr=2873496
http://www.ams.org/mathscinet-getitem?mr=3099981
http://arxiv.org/abs/1209.1676
http://arxiv.org/abs/1312.0019
http://arxiv.org/abs/1409.7111
http://www.ams.org/mathscinet-getitem?mr=2838836


THE FORMAL AFFINE HECKE ALGEBRA 31

[Dem73] M. Demazure,Invariants symétriques entiers des groupes de Weyl et torsion, Invent. Math.21 (1973), 287301.
MR03425221.1, 2.9

[Des09] D. Deshpande,Algebraic cobordism of classifying spaces, preprint, (2009).arXiv:0907.4437v1 5.1, 5.1
[EG98] D. Edidin and W. Graham,Equivariant intersection theory, Invent. Math., 131(3),595-634, (1998).MR1614555

5.1, 5.1
[Fed94] G. Felder,Elliptic quantum groups. XIth International Congress of Mathematical Physics (Paris, 1994), 211218,

Int. Press, Cambridge, MA, 1995.MR13706760
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